Abstract. We define the notions of stable and transquotient maps and study the relation between these classes of maps. In [5] the author introduced a concept of system (η y ) y∈Y associated to a map f : X → Y with the help of which we give here new classes of stable and transquotient maps. (2) Y is a Polish space.
Stable and transquotient maps
Our approach will be to establish a characterization of stable, transquotient and harmonious maps in terms of transmittable systems and to give a relation between these classes of maps. We start first with some general notation:
A system associated to a map f : X → Y is a family (η y ) y∈Y where each η y is a family of open subsets of X satisfying the condition U ∩ f −1 (y) = ∅ for all U ∈ η y . The system is said to be transmittable if the following condition holds:
(a) for every U ∈ η y there is a neighborhood O(y) of y such that U ∈ η y for every y ∈ O(y).
It is clear that if U ∈ η y , then y ∈ Intf (U ). A map may have many transmittable systems and a system is called trivial if η y = {X} for every y ∈ Y. Remark 0. Let η y be a transquotient family for f . Define a new family for f : η y = {V : V is open in X and ∃U ∈ η y such that V ⊃ U ∩ f −1 (y)}. In particular X ∈η y . Notice that the transmittable property holds forη y since for V ∈η y we can consider γ = {V } in (c) and then, obviously, V ∈η y for every y ∈ O(y). Since every cover of f −1 (y) ∩ V is the cover of f −1 (y) ∩ U, we have by (c) thatη y is a transquotient family for f.
If V is open in X and there is U ∈η y such that V ⊃ f −1 (y) ∩ U (in particular, if V ⊃ f −1 (y)), then, obviously, V is also an element ofη y . Hence, a transquotient map f is stable.
It should be noted that the following lemma uses an idea of A.H. Stone 
Proof. By Remark 0 (ii) ⇒ (i). We will show (i) ⇒ (ii). Suppose the family η y satisfies Definition 1 and does not satisfy Definition 2. This means that (c) fails for some U ∈ η y and family γ = {U i } i∈ω . It is obvious that there is an open decreasing base {O n (y)} n∈ω at y such that for every γ n = n i=0 U i there is a y n ∈ O n (y) \ O n+1 (y), for which γ n ∈ η y n and, hence,
By the transmittable property, for some n we have U ∈ η y n . By our construction, Let η y (f ) and η z (ϕ) be stable families for f and ϕ, respectively. Let us define
} and let us show that g is a stable map. It is clear that X ∈ η z (g) for every z ∈ Z.
(a) Let us assume U ∈ η z (g) and
Proof of Theorem 0
A map f : X → Y from a metric space X is uniformly sequentially complete if each f −1 (S) is complete with the given metric on X for every convergent, including its limit, sequence S = {y} ∪ {y i :
The new transquotient families are defined asη 
Finally, we can identify the graph G ⊂ X * of the map f with X and the projection of G with f ; then f * is the extension of f .
Notice that f * −1 (S) is always compact for a convergent sequence S including its limit because f * −1 (S) = S × BX and this is a product of two compact sets. Note also that by the construction of the transmittable system constructed in Remark 0 (η y ), we can assume that there exists a transmittable system η y that makes f both transquotient and stable.
Let us choose for each
Since every separable metric space is a Lindelöf space and every Lindelöf space is paracompact, we can consider the countable, locally finite open refinement
According to ( * ) and Proposition C f 0 is transquotient. Let us denote
It is clear that f * 0 is a perfect map. Since {W 1,k } k∈ω is a locally finite family, we have:
* , f, f * and repeat the construction. In this way we obtain a countable subspace
By inspection of the construction of the spaces X * n one can see that they are of the form X *
Let S be a sequence contained in Y and assume that S is convergent and contains its own limit.
Let
One can require without losing generality that at every step the first player plays a different point. We say that X is a strong Choquet space if α has a winning strategy in the strong Choquet game C for X [1] . Proof. Denote by Σ a winning strategy for α in C. Denote by C the strong Choquet game on Y and by α , β its players. We will describe a winning strategy for α in C .
Step 0. Let β start with (U 0 , y 0 ). For every
By Remark 0 to Definition 2 we may suppose X ∈ η y0 . Since the elements V 0 cover X ∩ f −1 (y 0 ), there is a finite family γ 0 of elements
Step 1. Let β play (U 1 , y 1 ), where
for every V 0 ∈ γ 0 and every
By the definition of transquotient maps, there is a finite family γ 1 of elements
Step n + 1. Suppose we defined a map f n ((y 0 , U 0 ), ..., (y n , U n )) = V n ⊂ U n , y n ∈ V n for (y 0 , U 0 ), ..., (y n , U n ) and finite families γ n of open sets V n such that γ n ∈ η y for every y ∈ V n and
Then β plays (U n+1 , x n+1 ) for every V n ∈ γ n and every
By the definition of transquotient maps there is a finite family γ n+1 of elements V n+1 and an open V n+1 ⊂ U n+1 , y n+1 ∈ V n+1 such that γ n+1 ∈ η y for every y ∈ V n+1 \ {y n+1 }. Then α answers f n+1 ((y 0 , U 0 ), ..., (y n+1 , U n+1 ) 
. By König's theorem an infinite, finitely branching tree must have an infinite branch and we obtain in this way a sequence V *
.., obtained according to a winning strategy for α, where V * i ∈ γ i . Since α wins, there is x ∈ n V * n and, hence, x ∈ γ n for every n ∈ ω. Since by definition of strong Choquet game V n ⊃ U n+1 , we have according to ( * ): f (x) ∈ n V n , and α wins.
Proof of Theorem 0. Lemma 2 implies part (1) of Theorem 0. Notice that X is completely metrizable if and only if X is a metrizable strong Choquet space [1] and we obtain from Lemmas 1 and 3 part (2) of Theorem 0 (see also [4, Corollary 7.3] ).
Remarks
We begin by recalling the following definition [6] : 
We obtain the definition of a point-harmonious map by replacing K and K in the above definition by points y and y .
By Theorems 1 and 2 from [6] in case of separable metrizable spaces X, Y the class of harmonious (resp. point-harmonious) maps coincides with the class of compact-covering (resp. s-covering) maps.
Recall that triquotient maps may be defined as transquotient maps satisfying condition (c) from Definition 2 for every y ∈ O(y).
Proposition D. Transquotient maps, triquotient maps, point-harmonious maps and harmonious maps are stable.
follow from the definition of harmonious and point-harmonious maps.
3) ⇒ 4) ⇒ 5) follow from the definition of transquotient maps and Remark 0.
Proposition E. Compact-covering maps and s-covering maps onto a metrizable space are stable.
The corresponding stable family η y is constructed in Example 1.
Proposition F. If f : X → Y is a stable map with compact fibres, then f is pointharmonious.
Let η y be a stable family for f and let ε y = {B = cl X U ∩ f −1 (y) : U ∈ η y }. Define a transmittable family for f as follows:
It is clear that the condition (a ) is satisfied. Let us consider U ∈ η y and some
Recall that a space Y is an F II -space if there is no closed subset of Y which is of the first category in itself. The following theorem shows that part (2) of Theorem 0 can be extended onto a larger class of F II -spaces.
We need the following lemma. 
Proof . Suppose f is not feebly open; then there is a non-empty open
1 (y) = ∅. Suppose not; then for some U ∈ η y , V ⊃ U ∩ f −1 (y). According to Remark 0, we may suppose that f is not only transquotient but also stable with respect to η y , hence there is an open O(y) such that f (V ) ⊃ O(y), which is impossible.
It is clear that the transmittable property (a) for f 1 is satisfied.
y for every y ∈ O(y) \ {y} and, hence, (c) is also satisfied and f 1 is transquotient.
Suppose we obtained for some α a strictly decreasing sequence of closed subsets X β ⊂ X (β < α) and transquotient maps f β = f |X β onto Y with hereditary transquotient family η β y = {U β = U ∩ X β : U ∈ η y }. If α is not a limit ordinal, that is, if α = β + 1, and f |X β is not feebly open, we may consider X α , X β instead of X 1 , X and repeat the construction above.
For the limit ordinal α define:
U ∈ η y } and prove that for every y ∈ Y and every U α ∈ η y we have
α (y) = ∅. Suppose the contrary. Then for some U ∈ η y and 
, is a transquotient map. By Lemma 4 we can suppose that f 0 is feebly open and, hence, every f −1 (F i ) is a closed nowhere dense subset. Then X 0 is a subspace of the first category in itself, which is impossible by definition of F II -space.
Let X be a (non-separable) complete metric space, and let Y be a metric space. I don't know whether the map f in the following cases 1 and 2 must be transquotient (or Y completely metrizable):
1. f : X → Y is a countable-inductively perfect map (i.e., for every countable 
Examples
The assumption that X is separable cannot be omitted in Theorem 0: Example 1. A stable, non-transquotient map f : X → Y from a completely metrizable space X onto metric space Y which does not satisfy conditions (1) and (2) of Theorem 0.
In fact, let Y not be a union of a countable set and an absolutely G δ -set. For example, Y = Q ω (where Q is the space of rational numbers) and let X be a topological sum of all compact subsets of Y with the obvious map f : X → Y. It is clear that X is completely metrizable and, by Lemma 3, f is not transquotient. Since a perfect image of a completely metrizable space is completely metrizable, f does not satisfy the conditions of Theorem 0.
We'll prove that f is stable. In fact, let us define:
U is open in X and for every compact K ⊂ Y containing y, there is a compact B ⊂ X such that f −1 (y) ∩ B ⊂ U and f (B) = K}. Obviously, the condition (b) of Definition 1 is fulfilled. We will verify the transmittable property (a). Let us assume the contrary: for some U ∈ η y there is a base {O i } at the point y, points y i ∈ O i and compacts K i ⊂ O i , which contain y i such that there is no compact subset B i of X satisfying the conditions: 
